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ABSTRACT
Monte Carlo methods have been used to simulate the freely 
jointed chain model. These Monte Carlo studies have examined the 
effect of excluded volume on the equilibrium and dynamic 
characteristics of the chain.
Simulations were performed on a chain not constrained to a 
lattice to examine the way in which the choice of bead movement 
rules determines the excluded volume effects. These studies were 
motivated in part by the suggestion that certain simulations 
produced excluded volume effects that were an artifact of the model 
and not representative of the kind of excluded volume effects one 
would expect for real systems.
The dynamic behavior of those models in which new vectors are 
introduced into the chain on the movement of interior beads was 
found to be highly independent of the types of moves used and the 
number of elementary moves used. However, when all moves can be 
described as an exchange of vectors, the dynamic behavior becomes 
highly dependent upon the number of elementary moves used. The way 
in which the exclusive use of exchange moves affects the chain 
dynamics is very similar to previously reported lattice results.
NON-LATTICE MONTE CARLO SIMULATIONS OF POLYMER MOTION
1. INTRODUCTION
The characterization of the motions of polymers has been 
interesting and difficult. Computational and analytical 
models have been used to understand the complexities of 
macromolecular motion.
The number and variation of the types of motions creates 
difficulty in developing models. Short range high frequency 
vibrations and rotations can be associated with particular 
chemical groups and bonds. Long range internal motions along 
the chain backbone are of considerably lower frequency. The 
even slower processes of translational motion of chain 
segments and the entire polymer molecule must also be 
considered.
Whether a bulk polymer is a viscous liquid, a rubbery 
material, or a glassy hard substance is a direct consequence 
of the macromolecular motions taking place. A model that 
could describe macromolecular motions at various temperatures 
based on.parameters such as chemical makeup, molecular weight 
distribution and extent of crosslinking would be valuable in 
rationalizing experimental data and predicting the physical 
properties of polymer systems.
Brief descriptions of two analytical models follow. Both 
models apply to the relatively simple case of a single polymer
2
in an infinitely dilute solution.
4A. ROUSE MODEL
The Rouse model1 is one of the earliest macromolecular 
motion models that approximates the viscoelastic behavior of 
dilute linear polymer solutions. The model consists of N 
beads connected by N-l Hookean springs. Each bead represents 
a sequence of monomers large enough to obey gaussian 
statistics. Beads are accelerated by the Hookean restoring 
force resulting from the deformation of the springs.
Several assumptions were made to allow analytical 
treatment of the problem. Each bead is accelerated only by 
the two neighboring springs (locality of response).
The hydrodynamic interactions between the polymer 
subunits and solvent molecules are assumed equal to the 
polymer-polymer and solvent-solvent interactions. Therefore, 
all of the configurations of the chain are energetically 
equal. This assumption is analogous to the interchangeability 
of solute and solvent precept used in Flory's simple lattice 
treatment of the entropy of polymerization.2
Excluded volume effects are also ignored. Unlike real 
systems, chain segments are allowed to pass through other 
chain segments and even occupy the same space at the same 
time.
The model allows an equilibrium configuration of the 
chain to be disturbed by a velocity gradient. Through 
coordinated motion, the chain relaxes to a new equilibrium 
configuration. A set of normal coordinates, Uk, each
5corresponding to a mode of motion with a characteristic 
relaxation time , Tk, is used3 to describe this relaxation 
process.
U. = (2/N) 1/2S [cos(j-1/2)7rk/N]r, (1-1)
j:l
(Uk,Uk,t)=<Uk(t0) •uk(t1)> (1.2)
= exp(-t/rK) 
rkn = [12N DCMsin2(k7r/2N) ]’1 (1.3)
TH •where UK -k normal coordinate 
k -any integer 
N -number of beads in chain 
r. -vector from the j-1 bead to the j beadJ ( , J TU
rk -relaxation time of the k mode 
Dcm -the diffusion of the center of mass from 
t0 to t1
The shortcomings of the Rouse model are exactly those 
assumptions that allow the model to be treated mathematically. 
The Hookean forces are not as localized as the model suggests 
and in most systems all configurations of the chain are not 
energetically equivalent.
Excluded volume effects considerably alter the 
equilibrium dimensions and dynamic behavior of the chain. The 
simple cubic lattice random walk mean square end-to-end 
distance ,<12>, has been shown4 to be
<12>= <N-1>. (1.4)
However, for the same random walk in which no two beads are 
allowed to occupy the same lattice site the result becomes5
<12>= <N-1>675. (1- 5)
The inclusion of excluded volume essentially swells the chain.
6Furthermore the longest relaxation time obtained for 
chains whose segments can pass through one another will be 
considerably shorter than the longest relaxation time for 
chains whose segments can not pass through one another.
7B. FREELY JOINTED CHAIN MODEL 
A second model has been treated analytically3'6 to examine 
a random coil polymer in infinitely dilute solution. The 
freely jointed chain model consists of N beads connected by 
(N-l) unit vectors numbered from 1 to (N-l) (a1, o 2 , cf3, . . . crN.1) .
The chain is allowed to move as follows. A bead, j, on 
the chain is chosen at random. If the bead chosen is not an 
end bead, the two neighboring vectors are interchanged
The prime denotes the vector after the move takes place.
If the bead chosen is an end bead (j=l or N), the bead 
move must only satisfy the following relationship.
<CTj • > = 0
<a.|*ai> , where i= (2 , 3 , 4 . . . (N-l) ) .
Angular brackets denotes the expectation value of all of 
the possible results of the move. A possible end bead move 
that would meet the above criterion would allow the new vector 
to be perpendicular to the old vector with an equal 
probability of each of the perpendicular vectors occurring.
It should be noted that if the initial configuration lies 
on a simple cubic lattice and the end bead move is as 
described above, the model reduces to a random walk problem 
on a simple cubic lattice. It should also be noted that the 
freely jointed chain model is similar to the Rouse model in
that it neglects all hydrodynamic and excluded volume effects.
Furthermore, an application of random walk principles 
results in a set of internal normal coordinates similar to the 
Rouse coordinates.
Ukn= [ (-2/N)'1/2Ssin(jk7r/N)csc(k7T/(2N) ]a, (1.6)
j;i
As N approaches infinity the relaxation times for the two 
models approach equality. The expression for the relaxation 
times of the internal coordinates of the freely jointed chain 
model are given below.
Tnk=-3N2Dcmln[l-(4/N)sin2(]or/2N) J'1 (1.7)
For N = 8 there is less than 3% difference in the relaxation 
times in the two models.6
The freely jointed chain model has proven valuable 
because excluded volume effects can easily be incorporated 
into Monte Carlo simulations of the model. The Monte Carlo 
method is defined as a "technique which obtains a 
probabilistic approximation to the solution of a problem by 
using statistical sampling techniques"7. The Monte Carlo 
studies of the freely jointed chain involve the use of a 
computer to generate chain configurations and then to move 
beads according to a given set of bead movement rules. 
Statistical sampling of chain configurations allows 
approximations at equilibrium and dynamic chain 
characteristics.
However, over the years as Monte Carlo results were being 
reported it became apparent that certain simulations8,13'15,16
9produced excluded volume effects that were an artifact of the 
model. Because of the power of the Monte Carlo computer 
simulation method, these questions concerning the anomalous 
effects of excluded volume simulations have become important 
in their own right.
2. LITERATURE REVIEW
A. Simple Cubic without Excluded Volume 
One of the earliest Monte Carlo freely jointed chain 
models8 can be described as follows. The chain consists of N 
beads lying on the corners of a 3-dimensional simple cubic 
lattice. The beads are numbered from 1 to N with a j 
representing the vector from bead j-1 to bead j. A bead j, 
is chosen at random. If the chosen bead is an interior bead 
(j>l and j <N), the bead is moved by an exchange of vectors o . 
and On a simple cubic lattice any two vectors will
either be perpendicular or parallel. If the two vectors 
(<Tj/cjj_1) are perpendicular, the vector exchange represents the 
movement of the bead across a diagonal.(figure 2.1)
A —  —  ^
! j
*
If the two vectors are parallel (i.e. identical), the 
exchange of the two vectors does not result in the movement 
of a bead.(figure 2.2)
 >—  >
10
11
If the bead chosen is an end bead (j= 1 or N), then a
random number generator is used to move the bead to any one
of four possible sites satisfying the condition
< a i • C7f *> or <crN.1 • <j h^  1 >. (figure 2.3)
A
When simulations are carried out with the excluded volume 
constraints, multiple occupancy of any lattice site is 
disallowed. After each movement of a bead if the new lattice 
site of bead j is occupied by another bead, bead j is moved 
to its original position.
In this model a bead cycle represents a unit of time in 
the real world. A bead cycle does not necessarily result in 
a bead move. Attempted bead moves blocked by the excluded 
volume constraint still represent a bead cycle.
The exact choice of time scales is arbitrary. However, 
the time scale should reflect the fact that in real polymer 
systems the longer chains will undergo more backbone motions 
per unit time than shorter chains. In this study (N3 bead 
cycles) represents one unit of time. (In citing data from 
other Monte Carlo studies using a different time scale the 
conversion to this time scale has been carried out.)
The starting configuration of a chain is the ending
/
>
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configuration of a previous simulation run under the same 
conditions (e.g. N,excluded volume condition). (Some earlier 
Monte Carlo techniques9 were used to study the effect of 
excluded volume on the relaxation of a highly extended non­
equilibrium configuration to an equilibium configuration.)
The sampling method of the Monte Carlo simulations should 
be noted. After the initial chain configuration is 
determined, the chain undergoes a predetermined number of bead 
cycles. The chain configuration is sampled periodically for 
later calculation of dynamic and equilibrium properties.
Simulations of the freely jointed chain model for chains 
up to 63 beads were carried out to confirm the validity of 
Monte Carlo technique to treat the freely jointed chain model. 
The mean square end-to-end distance of the chains agreed well 
with the expected value for random walk on a three dimensional 
lattice.
<12>=(N-1)1-0 (2.1)
The diffusion constants can be calculated for the freely 
jointed chain model. The root mean square displacement of a 
selected bead is 2'5 lattice units. With N beads in the chain 
the motion of the center of mass ,d, is 2'5 (lattice units) 2/(N 
* bead cycles).
Dt=l/6<d2>/t (2.2)
= (1/6) (2/N2) (lattice units) 2/(bead cycles)
In the chosen time scale this becomes
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Dt=(N/3) (lattice units) 2/(N3 bead cycles). (2.3) 
The diffusion constants for the Monte Carlo studies in the 
absence of excluded volume agree well with the calculated 
value.
Relaxation times of the autocorrelation of the end- 
to-end vector were examined at the various chain lengths for 
these excluded volume chains without excluded volume.
^(la/t^CLCtd) -I(t,)>/<12> (2.4)
By inspection one can see that the autocorrelation function 
is normalized such that the ensemble average is unity at t0. 
Plots of In p N vs. time showed that the relaxation is simple 
exponential.
p y r  e 't/T (2.5)
The negative inverse of the slopes of these plots are the 
relaxation times of the end-to-end vector. These relaxation 
times agree quite well with the freely jointed chain 
predictions for the longest relaxation times (k=l).
The relaxation of the Rouse coordinates of these chains
• • IQ . ,
was also examined by Verdier. (The conversion of cartesian 
coordinates to Rouse coordinates is made using equation 1.6.) 
The relaxation of the Rouse coordinates was simple 
exponential. The magnitudes of the relaxation times of the 
Monte Carlo no excluded volume chains at different N and k 
agreed quite well with the Rouse prediction.
All of these results suggest that the Monte Carlo 
technique can successfully simulate the freely jointed chain
14
model. Secondly, it is reasonable to believe that the Monte 
Carlo technique can be used to examine the inclusion of the 
excluded volume condition.
B. Simple Cubic with Excluded Volume
15
Simulations11 were carried out by Kranbuehl and Verdier 
on the simple cubic lattice with the excluded condition 
incorporated into the model by disallowing multiple occupancy 
of lattice sites.
The mean square end-to-end distance agreed with random 
walk predictions in which the walk cannot double back onto 
itself.
<12>= <N-1>1'2 (2.6)
Excluded volume, as expected, swells the chain.
Furthermore, the excluded volume condition slows and 
introduces an N dependence into the relaxation times of the 
end-to-end vector. The slowing down of the relaxation times 
at each chain length is examined by the ratio (r r 0) where r1 
is the relaxation time with excluded volume and r0 is the 
relaxation without excluded volume.
The quantity a is the slope of log ( t ^ / t 0) vs. log (N-l) 
and indicates the N dependence of the dynamic excluded volume 
effects.
(Vr0)oc(N-l)a (2*7)
The quantity , a, is found to be 1 for this study.
The diffusion constants have also been reported. As 
expected the mean square distance moved by the center of mass 
per unit time is reduced for excluded volume chains. The 
excluded volume effects on the diffusion can most easily be
16
characterized by the quantity r.
(VD^ctfN-l)1, (2.8)
Fortunately over a wide range of Monte Carlo simulations 
modeling the excluded volume effect of a single polymer in an 
infinitely dilute solution the dimensionless quantity Dtr/12 
appears to be independent of the type of bead move used, the 
presence of the excluded volume condition, the chain length 
N and the choice of time scales. Therefore, the relationship 
, a =/3+r , holds within the error of the components, and one 
can completely characterize the N dependence of the excluded 
volume effects on the parameters Dt,<l2> and r by discussing 
any two of the quantities a , (3 or r.
In this work a and J3 will generally be discussed in 
citing previous studies.
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C. Simple Cubic barriers
Analysis12 of the Kranbuehl-Verdier simple cubic single 
bead lattice model by Hillhorst and Deutch suggested that the 
large increase in relaxation times and high N dependence of 
the dynamic excluded volume effects is a result of the choice 
of bead movement rules and are not representative of the kind 
of excluded volume effects one would expect in real polymer 
systems.
Hillhorst and Deutch correctly characterize the 
Kranbuehl-Verdier model as a collection of vectors in which 
new vectors can only be introduced by the movement of an end 
bead. Vectors can diffuse along the chain by the movement of 
the beads. In the no excluded volume case there are no 
restrictions on the exchange (i.e. diffusion) of vectors.
Hillhorst and Deutch develop some terminology to show the 
kind of excluded volume restrictions that are present. A 
subchain of beads (m,m+l/m+2...m+k) is known as an extrema if 
all of the beads lie in the same plane with a fixed x,y, or 
z coordinate and beads m-1 and m+k+1 are both higher or both 
lower in the fixed coordinate. Extrema can be shown easily 
in two dimensions (figure 2.4). (Dotted lines represent 
extrema.)
18
There are some interesting constraints on the behavior 
of the extremas as a result of second nearest neighbors along 
the excluded volume chains.
1) The number of beads in an extrema may increase or 
decrease by only one bead in one bead cycle.
2) Extrema cannot be created or destroyed except by the 
movement of an end bead.
3) Adjacent extrema along the chain cannot pass through 
one another.
4) The value of the extrema in the fixed coordinate is 
conserved as it moves along the chain.
Hillhorst and Deutch argue that the rigorous short range 
configurational barriers (primarily #3 above) lead to the high 
N dependence of the relaxation times(a«l). If the beads 
represent monomer segments long enough to obey end-to-end 
gaussian, statistics it is hard to imagine real polymers with 
such rigorous short range excluded volume constraints.
One way to visualize the way in which configurational 
barriers might slow down the relaxation properties at longer 
chain lengths is by considering that each local configuration 
separated from the ends of the chain by configuration barriers 
cannot fully relax until all barriers have been destroyed by 
diffusing to the end of the chain. Prior to the destruction 
of the barriers the "trapped" configuration (any configuration 
which is separated from both chain ends by configurational 
barriers) will only diffuse or "bounce" between the barriers 
spending time doing so. The higher the N the more 
configurational barriers and the more trapped configurations
19
that will spend time diffusing between their respective 
barriers.
20
D. Simple Cubic Two bead moves 
In response to the Hillhorst-Deutch analysis Kranbuehl 
and Verdier carried out Monte Carlo simulations13 with a new 
algorithm for the movements of the beads. Instead of a one 
bead move each bead cycle now represents the possibility of 
two beads being moved simultaneously. Keeping the same 
notation the new bead cycle can be represented as follows:
It should be noted that when simulations are carried out 
with the excluded volume constraint both moved beads (j-1, j+1) 
must be moved to unoccupied latttice sites in order for the 
bead cycle to result in the movement of the beads.
Depending upon the configuration of the beads around the 
chosen bead j, this algorithm can result in several kinds of 
moves (figure 2.5).
—
As one would expect the random walk results for the root 
mean square end-to-end distance were obtained for the excluded
21
volume and no excluded volume cases(/?=.2) . The large N 
dependence (a«1.0) of relaxation times of the one bead move 
model remained for the two bead move model. As in the one 
bead move model the two bead move model allows introduction 
of new vectors into the chain only on the movement of the end 
beads (j= 1 or N).
22
E. Simple Cubic two bead move barriers 
Examination of the Kranbuehl-Verdier two bead move model
bead move model. Helpful notation was developed to show the 
local constraints present. All vectors are categorized into 
three groups by direction.
Furthermore each of these groups is separated into two 
types. For a group 1 vector either bead j or bead j+1 will 
be greater in the x coordinate. If the sum of the coordinates 
of the bead that is greater in the x coordinate is even, the 
vector is said to be type I. If the sum is odd, the vector 
is type II.
Vectors of opposite direction but of the same type are 
not allowed to pass along the chain when the beads are moved 
according to the two bead move of Kranbuehl and Verdier. 
These barriers of local chain configuration are only destroyed 
by diffusion to the end of the chain. A simple example in two 
dimensions is shown below (figure 2.6).
Boots and Deutch argue that the local configurational 
barriers once again produce the large N dependence in the
by Boots and Deutch14 revealed constraints similar to the one
Group
1
2
3
Vectors( x . v . z )
(1,0,0) (-1,0,0) 
(0 ,1,0) (0,-1,0) 
(0,0,1) (0,0 ,-1)
e .o o e
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slowing down of the relaxation behavior of the excluded volume 
chains.
24
F. Simple Cubic mixed bead moves 
Kranbuehl and Verdier carried out an interesting study15 
to offer evidence concerning the Boots-Deutch and Deutch- 
Hillhorst hypothesis. The new model would allow a mixture of 
one bead and two bead moves.
At the beginning of each cycle a random choice of a one 
or two bead move takes place. The quantity P represents the 
preset probability that the two bead move will take place. 
The thinking was that the one bead moves would destroy the two 
bead extremas by a method other than diffusion to the end of 
the chain and likewise the two bead moves could destroy the 
one bead extremas.
Initially the (P= .5) data pointed to relaxation behavior 
(a«l) similar to the models with exclusively one bead and two 
bead moves. However, at higher chain lengths16 (N=99) a 
suppression of the slowing of the relaxation behavior appeared 
(aw.5). This result strongly supports the Deutch-Hillhorst 
and Boots-Deutch concern regarding the use of single 
elementary movement models.
However, there still remained a large effect on the 
dynamic properties relative to the low power law dependence 
of the end-to-end length (/3=.2).
25
G. Simple Cubic crankshaft 
Interested by the large excluded volume effects on the 
dynamic properties of the Monte Carlo polymer chains, 
simulations were performed by Kovac and coworkers. The 
simulations17 (N=ll,59) also took place on a simple cubic 
lattice. The algorithm for the movements of the beads 
differed greatly from the Kranbuehl-Verdier model.
For the excluded volume case, if the chosen bead is an 
end bead, the move is identical to the Kranbuehl-Verdier move. 
If the chosen bead is an interior bead and (Jj and a.  ^ are 
identical (figure 2.7) , then a bead move is impossible and the 
cycle is terminated.
---------30-------- >
If a- y and o - are not equivalent, then a move is attempted
that is identical to the Kranbuehl-Verdier move(figure 2.8).
A —  %
I
I
I » .If the new lattice site is unoccupied, the bead is moved and 
the cycle is completed. If the site is occupied by a bead, 
the bead j is moved back to its original site and the cycle 
is terminated unless the bead occupying the site is the j+2 
or j-2 bead. This configuration is termed a crankshaft 
configuration and another move is attempted. When the j+2 
(j-2) bead blocks the move the j+1 (j-1) beads are moved in 
an out of plane two bead move. There are two such possible
26
moves with an equal probability of occurring.(figure 2.9)
A  *
If the two new bead sites are not occupied, the beads are 
moved and the cycle is terminated. If either of the sites are 
occupied, the beads are moved to their original sites and the 
cycle is terminated.
Kovac found an extreme suppression of the dynamic 
excluded volume effects (a«.13). The crankshaft move of Kovac 
is interesting for two reasons. First, unlike the Kranbuehl 
and Verdier simple cubic lattice move this move algorithm 
allows the introduction of new vectors on the move of an 
interior bead.
However, the algorithm calls for a movement of two beads 
when a one bead move is excluded volume disallowed. One could 
exacerbate such a step and develop models with rather 
unphysical and unreasonable results16. One possibility is a 
model in which excluded volume chains relax faster than chains 
of the similar length without excluded volume. Another
possibility is excluded volume chains relaxing faster at 
longer chain lengths (i.e. negative a. values) .
Such an unnatural efficiency in bead motion for the
excluded volume chains could well explain the low dynamic
effects present in this model.
27
H. Face Centered and Body Centered Cubic
Kranbuehl and Verdier went on to carry out studies on 
face centered cubic and body centered cubic lattices.15 To 
date no configurational barriers of the type Deutch and 
coworkers have reported for the simple cubic lattice have 
been reported for the body centered and face centered cubic 
lattices.
The bead movement rules for both lattices are identical 
to the simple cubic lattice rules. (The vector notation is 
repeated below.)
One bead move Two bead move
° i ' = a j-i a j-i,=£Tj+i
a j-i '“ a j a j' = a j
As previous Kranbuehl-Verdier studies all moves can be 
described by an exchange of bond vectors.
Interestingly, the results were similar to the simple 
cubic lattice results. The equilibrium excluded volume 
results were as expected ((3-. 2) . When one elementary move was 
used exclusively (P=0 or P=l) the N dependence of the 
relaxation times is quite high (a«1.0). However, like the 
simple cubic lattice model, when the moves are mixed (P=.5), 
the N dependence falls off considerably (a».5).
I. Face Centered and Body Centered Cubic crankshaft 
Kovac and coworkers felt that the face centered18 and body 
centered cubic19 lattices offered an excellent opportunity to 
study the excluded volume effect since new vectors can be 
introduced into the chain when one bead moves are used 
exclusively. Their concern was that the mixture of one bead 
and two bead moves may distort the time scale.7
The algorithm for the face centered cubic lattice moves 
is briefly given below.
If the end bead is chosen, there are twelve possible new 
lattice sites. If the site is occupied the original bead site 
is maintained, and the bead cycle is terminated. If the 
chosen bead is an interior bead, the angle between vectors j 
and j-1 is determined. If the angle is 180°, no bead move is 
attempted. If the angle is 120°, the only possible move is 
the exchange of vectors j and j-1. If the angle is 60° or 
90°, there is one possible in plane (exchange) move and two 
possible out of plane (crankshaft) motions. Of course, any 
move that results in the multiple occupancy of lattice sites 
reguires that the bead be returned to its original position, 
and the cycle be terminated.(figure 2.11)
60* 60*
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The algorithm for the body centered cubic lattice moves 
is very similar.
For the interior bead, if the j,j-l angle is 180° no move 
is performed. If the angle is 120°, the in plane exchange
move is attempted. If the angle is 60°, any one of three
moves is attempted (two out of plane moves and one in plane
move) . End beads can be moved to any of seven possible
lattice sites.(figure 2.10) o
On both lattices any out of plane move introduces new 
vectors into the chain.
Both lattice studies gave random walk equilibrium results 
(/3=.2) and very weak dynamic excluded volume effects (aw. 22) .
One can question whether the necessity that the local 
chain configuration be determined before the move algorithm 
is chosen could diminish the excluded volume effect. 
Nevertheless, the Kovac body centered and face centered cubic 
lattice studies are a major improvement on the Kovac simple 
cubic lattice studies.
BsoM atary m otion fa r twa bonds w ith  a bond anglo
of 00*.
fisnM ntary motions fo r two bands w ith  a bond mjm
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J. Off lattice
Kranbuehl and Verdier developed a model for simulating 
the freely jointed chain with and without excluded volume for 
chains whose beads are not required to lie on a lattice.15 The 
bead moves are similar to the previous Kranbuehl and Verdier 
moves. The single bead move is an interchange of the a .  ^ and 
a j vectors. The two bead move is an exchange of the a-.-, and 
the a j+1 vectors. (The off-lattice model will be described in 
greater detail in the next section.)
The model was carried out with an equal mixture of one 
and two bead moves (P=.5). The excluded volume condition is 
introduced by a considering each bead a hard sphere. The 
vectors connecting beads and the bead diameter are given a 
length of one. Therefore, if a bead is moved suGh that the 
distance from the center of that bead to the center of any 
other bead is less than one, that configuration is excluded 
volume disallowed. Considering that each bead represents a 
segment of monomers long enough to obey gaussian statistics 
this excluded volume condition is quite rigorous (i.e. hard 
core excluded volume).
The no excluded volume results are random walk 
equilibrium values and the relaxation behavior of the on- 
lattice chains. The excluded volume equilibrium result 
(/?=. 25) is higher than the on-lattice results (/?=. 20) . 
Furthermore, the N dependence of relaxation times is quite
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high (a«l) for models in which a mixture of one and two bead 
moves (P=.5) is employed.
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SUMMARY OF LITERATURE REVIEW
The bead movement algorithms of all Kranbuehl-Verdier 
studies can be characterized by the interchange of bond 
vectors. New bond vectors can be introduced only by the 
movement of end beads. The relaxation behavior of the lattice 
chains are very similar. The chain length dependence is quite 
high for one elementary move models (i.e. single bead movement 
algorithms or double bead movement algorithms) (a«l) but 
considerably lower for mixed movement algorithms (a«.5). 
Interestingly, when the mixed movement is applied to a highly 
swelled (/?=.25) off-lattice chain, the strong chain length 
dependence returns (a«l). In no case was the equilibrium 
value of .20 found for a.
Studies carried out by Kovac have emphasized the 
introduction of new bond vectors into the chain by allowing 
out-of-plane crankshaft motions. All of the Kovac experiments 
show a very low N dependence on the dynamic properties of the 
excluded volume chain. However, each of the Kovac move 
algorithms require a calculation of local chain configuration 
in order to choose a move.
It is apparent that a good deal of the dynamic behavior 
of the chains is dependent on the model, and it is not clear 
which models best represent excluded volume effects of a 
polymer in infinitely dilute solution.
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In order to examine this question off-lattice studies are 
reported in the next section. Several off-lattice studies in 
which new vectors are introduced into the chain through the 
movement of interior beads are reported. A simulation of an 
exclusively one bead exchange move off lattice chain is also 
reported.
These studies offer evidence concerning the discrepancy 
between the excluded volume effects for simulations in which 
only vector exchanges are allowed and those simulations in 
which new vectors are introduced on the movement of interior 
beads.
3. EXPERIMENTAL
A. Sampling
Six Monte Carlo experiments employing different bead 
movement algorithms on chains not constrained to lie on a 
lattice were examined. Chains lengths, N, vary from 9 to 99. 
All simulations were carried out on the Cyber 805 computer 
located at the National Institute of Standards and Technology 
in Gaithersburg, Maryland.
The sampling technique used in this study is identical 
to the technique used in previous Kranbuehl-Verdier studies. 
A period of time (in N3 bead cycles) long enough to observe 
the slowest relaxation modes of the chain is estimated. This 
estimation is based on chain length, bead movement algorithm 
and excluded volume condition. This period of time is 
hereafter referred to as a frame.
A chain configuration, stored as the last configuration 
of a previous simulation of the same type (N, bead movement 
algorithm, excluded volume condition) is used as the starting 
configuration for each simulation in the study. The positions 
of the bead along the chain are allowed to change by a 
particular algorithm. (The bead movement algorithms will be 
described in the next section.)
After a predetermined number of cycles (attempted bead 
moves) the configuration is stored. This sampling of the
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chain configuration continues until the total number of cycles 
corresponds to the time of a frame.
The last chain configuration of a frame acts as the first 
chain configuration of the next frame. In this way dynamic 
quantities can be averaged over all of the frames of a 
simulation(figure 3.1).
ONE SIMULATION
<>g FRAME
P 1 •
| I M I I | I I I I I | I I  I I I j  I I I I I | I I I  I I I
(All vertical lines represent a sampling of the chain 
configuration.)
For example, the ensemble average of the vector end-to- 
end correlation function as calculated during each simulation 
is given below.
<p(t1)>=( s ( K t i t D - K t i f O D / a ' D / F  (3.1)
I t-1
-where F=number of frames 
t(l) < t(frame) 
Each configuration sample contributes equally to the 
ensemble average of equilibrium quantities.
<12>= (S S l2ih)/(F*S) (3.2)
S= number of samples in a frame 
A simulation may contain 2 0 to 2 56 frames. To examine a 
given chain length under certain bead move rules and excluded
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volume conditions one to seven simulations were performed.
Using this terminology tables (3.1-3.5) give statistical 
data on the number of independent samples for each of the five 
non-lattice bead movement models to be described in the next 
section. Data is included for simulations with and without 
excluded volume. For each chain length the number of 
simulations is multiplied by the number of frames per 
simulation to determine the total number of frames performed. 
(This value is reported in the left most column of each 
table.) The time length (in N3 bead cycles of a frame) is 
given. If r is a measure of the time necessary for the 
slowest motions of the chain to take place, then the ratios 
in the right hand columns ((# frame*time(per frame))/rls) are 
a measure of the total number of independent samples as 
measured by the number of times that chain was allowed to 
relax over all of the simulations.
[(RR:P=0)]
TABLE 3.1
N # frames # sim time 
(per frame)
T # frames*^
excluded volume 
9 488 7 1.64 1.03 713
15 488 7 1.73 1.64 472
33 488 7 1.68 1.64 458
45 488 7 1.66 1.97 378
63 488 7 1.62 2.19 331
99 288 9 1.61 2.72 170
>ut
9
excluded volume 
256 1 .73 .207 898
15 256 1 .81 .264 787
33 256 1 .81 .226 919
45 256 1 .72 .185 991
63 256 1 .71 . 198 922
99 256 1 .74 .181 1047
[(FR:90-180-270,P^O)]
TABLE 3.2
N # frames # sim time r # frames*time/
(per frame)
with excluded volume
9 256 4
15 256 4
33 310 4
45 256 4
63 256 4
without excluded volume
9 256
15 256
33 256
45 256
63 256
1.64 .726 578
1.73 .961 461
1.68 1.69 308
1.66 1.50 283
1.62 1.47 283
1.43 .193 898
1.64 .141 2977
1.62 .147 2821
1.45 .183 2028
1.40 .135 2655
[(FR:90-180,P=0)]
N # frames # sim
TABLE 3.3
time 
(per frame)
# frames*time/r
with excluded volume
9
15
33
45
63
256
256
256
192
256
.811 
1.73 
1. 68 
1.66 
1.62
.878 
1.42 
1.75 
1.92 
2 .31
236
312
246
162
180
without excluded volume
9
15
33
45
63
256
256
256
256
256
.724
.760
.811
.716
.667
.227
.194
.172
.186
.189
816
1002
1207
2985
903
[(RR:P=.5)]
TABLE 3.4
N # frames # sim time r # frames*time/r
(per frame)
with excluded volume
9 512 2 .821 .39 1078
15 376 2 .873 .48 556
33 256 2 .813 .59 353
45 256 4 .804 1.01 204
63 256 4 .814 .839 248
99 264 11 .816 1.04 207
without excluded volume
9 256 1 .711 . 126 1455
15 256 1 .812 . 102 2033
33 256 1 .810 .103 2013
45 256 1 .716 .137 1338
63 256 1 .691 . 114 1552
99 256 1 .740 . 107 1770
[(FR:180,"bond exchange",P=0)]
TABLE 3.5
N # frames # sim 
with excluded volume
time 
(per frame)
# frames*time/r
9
15
33
63
192
192
128
256
without excluded volume
9
15
33
63
192
256
256
256
.811
.874
1.68
3.28
2.10
1.64
1.62
.713
. 61 
2 . 05 
5.83 
37.4
.124
.098
.124
.094
253
82
37
22.5
3252
4300
3345
1941
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B. The Models
A major difference between the single bead move models 
discussed in the literature review was the number of possible 
moves that could take place after a bead was chosen. The 
first experiment (1) in this study was designed to allow as 
many different single bead moves as possible.
A bead j is chosen at random. If the chosen bead is an 
interior bead (l<j<N), the vector jpar is determined.
jpar= Rj+1 + Rj.-,
-where Rj is the cartesian vector 
from the origin to the jth bead.
The vector jper is then determined.(figure 3.2)
jper = Rj- - [ (RJ+1 - Rj.^/2]
Jber
A new vector , jper1, is determined such that
jper1 X  jpar
and
<jper' *jper> = 0.
This movement is equivalent to rotating the jth bead a 
random angle 0 about the j-1,j+1 internuclear axis.(figure 
3.3)
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If the bead chosen is an end bead (j=l or N), a random 
number generator creates a vector K with a magnitude one in 
a random direction. A "phantom" bead is centered at Rj + K. 
In the j= 1 case the phantom bead acts as the j-1 bead and in 
the j= N case the phantom bead acts as the j+1 bead. The end 
bead move is then identical to the interior bead move. A new 
vector K is created with each bead cycle involving an end 
bead.
The notation used to refer to this bead movement 
experiment will be (RR:P=0). "RR" indicates random rotation 
(opposed to "FR" for fixed rotation). The P=0 indicates that 
the preset probability for a two bead move is zero.
Many of the models referenced in the previous section 
allow a fixed number of in-plane and out-of-plane moves. In 
order to examine the effect of the in and out-of-plane moves 
three studies were carried out in which fixed angles of 
rotation, 0,about the (j+1,j-1) internuclear axis were 
carefully controlled.
The second experiment (2) ,(FR:90-180-270,P=0) allows
rotation angles of 90°, 180° and 270°. The probability of 
each move is one third. In vector notation jper1 in each move 
will be either perpendicular to (0=90° or 270°) or in the 
opposite direction of (0=180°) jper(original). This bead
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movement is analogous to the Kovac face centered and body 
center cubic lattice algorithms in which one in plane and two 
out of plane crankshaft motions are allowed.
The next experiment (3), (FR:90-270,P=0) allows only the 
90° and 270° angles of rotation. In this experiment each bead 
cycle that results in a bead move will introduce two new 
vectors into the chain and all bond interchange moves are 
absent.
Experiment (4),(RR:p=.5) allows a mixture of one and two 
bead motions. The preset probability of a two bead motion is 
.5. The two beads j and j+1, are rotated a random angle 
around the j-1 and j+2 internuclear axis.
Experiment (5), (FR:180,"bond exchange",P=0) employs a 
180° rotation. This experiment is analogous to previous 
Kranbuehl-Verdier single bead move experiments in which all 
bead movements can be described by an interchange of bond 
vectors.
The experiment ,(A), previously simulated by Kranbuehl 
and Verdier in which one and two bead bond exchange moves were 
mixed proves quite valuable. This experiment will be referred 
to as("bond exchange":P=.5). A careful look at the two bead 
off-lattice bond exchange move will show that the notation 
(FR:180,P=.5) would be incorrect. The two bead exchange move 
is not equivalent to a 180° rotation about the (j-1,j+2) 
internuclear axis(figure 3.4).
Z \ \ 180 move4/
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original
\  y i  >  e x c h a n g e  m o v e
All of these models were simulated with and without 
excluded volume constraints. Excluded volume constraints were 
easily incorporated into lattice models by disallowing 
multiple occupancy of lattice sites. Introduction of the 
excluded volume condition to off-lattice chains is slightly 
more difficult.
The bead diameter of excluded volume chains is set equal 
to unity. The distance between the center of consecutive 
beads for excluded volume chains and no excluded volume chains 
is also unity. The distance between the center of the new 
bead position and the center of each nonconsecutive bead along 
the chain must be greater than one in order for the new bead 
position to meet the excluded volume criterion.
If the new bead position is not excluded volume allowed, 
the bead is returned to its original position and the bead 
cycle is terminated. It should be noted that even if the bead 
cycle does not result in the movement of a bead, the cycle 
still represents 1/N3 units of time.
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C. RESULTS
Tables (3.6-3.10) are the equilibrium and dynamic values 
obtained from each of the experiments. The two equilibrium 
quantities are the mean square end to end distance, <12> and 
the mean end-to-end distance to the fourth, <14>. Each 
simulation returns only one value for each of the equilibrium 
quantities. The standard deviations reported are the 
deviations between the simulations.
<12>= E l2f /sim (3.3)
standard deviation <12>= (E ((l2i-<l2>) 2)1/2)/sim
sim=# of simulations performed.
The first dynamic data presented concerns the diffusion 
of the center of mass of the chains for each model. The 
translational diffusion constant, Dt, are calculated by the 
following equation.
D, = <d2>/6Td (3 .4)
The quantity <d2> is the mean square distance travelled 
by the center of mass of the chain in the time Td Values for 
<d2> for one frame and four frames were obtained.
The standard deviations of Dt are the deviations between 
the single values reported by each simulation. (Which is like 
the standard deviations for <12>.) The values of Dt over one 
frame and four frames agree within the standard deviations of 
the values. This suggests that the frame lengths are long 
enough to observe long time diffusion behavior.
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The time dependence of the vector end-to-end 
autocorrelation function represents the relaxation of the 
slowest mode of chain motion.
/D(t(l)) = (<l(t1)>-<l(t0)>) / <12> (3.5)
The relaxation time, r, are calculated by fitting the 
linear portion of the In (t) vs. t plot by Newton's method 
for an exponential fit where o (t) = e*t/T for yc(t)<.74. Plots 
(3.1-3.6) are the plots In p vs. t plots for the excluded 
volume chains (N=9,15,33,45,63,99) of the (RR;P=0) study. 
Plots (3.7-3.12) are the corresponding plots for chains 
without the excluded volume conditions.
Horizontal bars on the graphs are the standard deviations 
of (t) as reported by each simulation. The excluded volume 
plots show deviations from linearity, but by^=.74 
(ln^o =-.3) the data is linear well within the standard 
deviations of the individual points. As was observed in 
previous studies the deviations are above the line determined 
from the fit.
Plots(3.13-3.20) are presented to examine the chain 
length dependence of the excluded volume effects on the 
square end-to-end distance ,the relaxation time of the end- 
to-end vector, and the diffusion constant for each of the 
experiments. Log-log plots were fit by a linear least squares 
procedure to determine the values of the exponents in the 
following relationships.
V  T0 cr. (N-l) “ (3.5)
<12>1/(N-1) ct (N-l)* (3.6)
Dt0/ Dt1a(N-l)r (3.7)
(Subscript 1 indicates the value 
for chains with excluded volume, and 
subscript 0 indicates the without excluded 
volume value.)
Table 3.11 reports those exponents.
TABLE 3.11
Experiment N values a £ r
1 (RR:P=0)
(9,15,33,45,63, 99) .43 .25 .14
2 (FR:90-180-270,P=0)
(9,15,33,45,63) .47 .24 .11
3 (FR:90-2 70,P=0)
(9,15,33,45,63) .52 .24 .10
4 (RR: P=. 5)
(9,15,33,45,63, 99) .42 .26 .14
5 (FR:180,"bond exchange",P=0)
(9,15,33,63) 2.0 .25 1.7
A ("bond exchange",P=.5)
(9,15,33,63) 1.0 .25 .60
The (RR:P=0) N= 15 and 63 chains with and without 
excluded volume chains were analyzed such that the relaxation 
of the internal coordinates for the freely jointed chain model 
could be examined.
U|= 2 - (2N) 1/2sin (jk7r/n) esc (k7r/2N) r, (3.9)
The natural log of the autocorrelation functions of the 
internal coordinates were fit to the form c^k=e‘t/T for < .74 
to extract relaxation times for the two lowest modes of motion
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(k=l,2)(Plots 3.21-3.26). The relaxation times are reported 
in tables (3.12).
[ (RR: P=0) ]
N
TABLE 3.6 
<12> <14>
excluded volume 
9 15.95(.71) 317(27)
15 32.13(1.02) 1370(81)
33 92.39(1.00) 1.2E4(127)
45 135.9(7.0) 2.6E4(2.6E3)
63 209.7(12.7) 6.2E4(5.2E3)
99 364.1(33.2) 1.9E5(3•6E4)
Dut excluded volume
9 7.83 98.2
15 13.98 313
33 32.03 1689
45 44.46 3299
63 60.85 6292
99 97.57 1.58E4
N D t
1 frame
Dt r/ <12>
with excluded volume
9 .677(.08) • 69(.09) 1.03(.17) .044
15 1.01(•06) 1.10(.10) 1.64(.22) .055
33 2 • 06(•17) 1.09(.35) 1.64(.19) .047
45 3 . 08(.32) 3.13(.73) 1.97(.44) .046
63 4 • 13(•18) 3.63 ( .67) 2.19(.18) .043
99 5. 03(.91) 5.32(.98) 2.70(1.3) .038
>ut excluded volume
9 1.52 1.58 .207 .0402
15 2.43 2.63 .264 .0459
33 5.82 7.24 .226 .0411
45 7.68 7.39 .185 .0320
63 10.48 10.34 .198 .0341
99 17.74 16.72 .181 .0329
[(FR:90-180-270,P=0)]
TABLE 3.7
N <lz> <14>
excluded volume 
9 16.33(.46) 336(15)
15 31.31(.73) 1299(50)
33 93.6(2.2) 1.2E4(547)
45 132.5(7.9) 2.5E4(3.3E3)
63 203.8(6.8) 6.6E4(8.6E3)
>ut excluded volume
9 7.91 99.48
15 13.72 305.4
33 31.27 1620
45 43.93 3160
63 63.03 6523
N
1 frame 4 frames
Dt r/ <12>
with excluded volume
9 .862(.10) .84(.07) .726(.07) .037
15 1.39(.17) 1.16(.09) 1.64(.22) .036
33 2.82(•26) 2•50(•40) 1. 64(.15) .045
45 3.80(•25) 4•21(•53) 1.97(,13) .048
63 5.23(•51) 5.74(1.5) 2.19(.10) .041
without excluded volume
9 2.28 .193 .056
15 3.30 .141 .034
33 7.19 .147 .034
45 10.72 .183 .045
63 14.36 .135 .031
[(FR:90-270,P=0)]
TABLE 3.8
N < r <14>
with excluded volume
9
15
33
45
63
15.78 ( .44) 
33.55(.91) 
91.31(.77) 
140.1(4.5) 
199.8(8.6)
318(12) 
1451(67) 
1.1E4(133) 
2.7E4(1.7E3) 
5.7E4(1.8E3)
without excluded volume
9
15
33
45
63
7.98
13.96
32.14
43.03
63.42
100
312
1688
3022
6724
N
1 frame
Dt
frames
Dt t/ <12>
with excluded volume
9 .7 38(.10) .74(.10) .88(.15) .041
15 1.02(.14) 1.02(.14) 1.42(.19) .046
33 2.41(.14) 2.41(.14) 1.75(.56) .046
45 3.28 (.35) 3 . 28(.35) 1. 9 2 ( . 3 0) .041
63 4.36(.41) 4 . 36(.41) 2.31(.38) .052
without excluded volume
9 1.42 .227 .040
15 2.49 .194 .035
33 5.68 .172 . 030
45 7.94 .186 . 034
63 10.85 .189 .032
[ (RR: P=. 5)]
TABLE 3,9
N <12>
with excluded volume
9 16.0 323
15 32.9 1434
33 93.5 1.2E4
45 139.1(2.8) 2.7E4(1.7E3)
63 209(15) 6.3E4(9.3E3)
99 366(14) 1.9E5(1.4E4)
without excluded volume
9 8.31 109
15 13.77 311
33 32.94 1805
45 44.81 3306
63 63.09 6563
99 98.03 1.62E4
N Dt Dt t Dt t/ <12>
1 frame 4 frames
with excluded volume
9 1.55 1.76 .39(.05) .038
15 2.60 2.72 .48(.01) .038
33 4.87 5.84 .59(.131) .031
45 6.74(.25) 6.15(.67) 1.01(.05) .049
63 8.87(.48) 8.87(.48) .84(.09) .036
99 14.2(2.2) 14.2(3.7) 1.04(.24) .041
without excluded volume
9 2.84 3.23 .126 .0431
15 4.68 4.91 .102 .0347
33 10.73 10.74 .103 .0336
45 14.65 15.81 .137 .0448
63 20.98 16.66 .114 .0379
99 31.53 31.98 .107 .0344
[(FR:180,"bond exchange",P=0)]
TABLE 3.10
N <12> <14>
with excluded volume
9 15.41 ( .07) 304 (15)
15 32.45(.39) 1384(60)
33 93.69(3.03) 1.22E4(5E3)
63 201.3(36.7) 6.6E4(2.2E4)
without excluded volume
9 8.01 103
15 14.31 334
33 32.08 1687
63 61.83 6435
N Dt r Dt t / <12>
4 frames
with excluded volume
9 .870(.074) .614(.07) .0347
15 .920(.219) 2.05(.27) .0580
33 .347(.020) 5.83(.29) .0216
63 .0705(.013) 37.4(8.4) .0131
without excluded volume
9 3.31 .124 .0512
15 5.11 .098 .0348
33 10.28 .081 .0261
63 19.72 .094 .0300
[(RR:P=0)]
TABLE 3.12 
N 7(k=l)
with excluded volume
15 1.52
63 2.52
without excluded volume
r(k=2)
.30
.51
15
63
.244 
. 198
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D.DISCUSSION
An advantage of off lattice simulations is that many 
different vectors can be introduced into the chain upon the 
movement of an interior bead. Interestingly the number of 
possible new vectors per move does not influence the value of 
a [a(RR:P=0) a a(FR:90-180-270)] (See plots 3.13 and 3.14.) 
For simulations in which new vectors are introduced into the 
chain on the movement of interior beads, even disallowing the 
exchange move altogether has little if any effect [a(FR:90- 
180-270,P=0) « a(FR:90-270,P=0)]. Furthermore, the dynamic
behavior of the (RR:P=.5) model is very similar of the dynamic 
behavior of the (RR:P=0) model(see again plots 3.13 and 3.14). 
The similarity of these models suggests that this off lattice 
chain is highly independent of the number of elementary moves, 
and the allowed possible rotations-as long as vector exchanges 
are not used exclusively. Interestingly, the dynamic behavior 
of all of these models is similar to the previous Kranbuehl- 
Verdier on lattice (P=.5) models.
However, when exchange moves are used exclusively, the 
model becomes extremely dependent upon the number of 
elementary bead moves used. Furthermore, the way in which the 
dynamic behavior is dependent on the number of elementary 
moves used is very similar to previous lattice results. On 
both the face centered cubic lattice and body centered cubic 
lattice the a for Kranbuehl-Verdier models which employ only 
one elementary move (single bead,P=0, or double bead,P=l) is
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twice the a for the similar models in which the moves are 
mixed (P=.5). Furthermore, the Kovac a result in which out 
of plane(i.e. non-exchange moves) are included are 
approximately one half the Kranbuehl-Verdier (P=.5) a result.
FCC and BCC
Kovac (crankshaft) KV (bond ex.,P=.5) KV (bond ex.,P=0)
.22 .5 1.0
The off lattice results show a very similar trend.
(RR:P=.5) (bond ex,P=.5) (FR:180,bond.ex,P=0)
(RR: P=0)
(FR:90-180)
(FR:90-180-270)
.5 1.0 2.0
Deutch rationalized the way in which the exclusive use 
of exchange moves might lead to the added N dependence of 
relaxation times for chains constrained to a simple cubic 
lattice. The results presented here suggest that the 
exclusive use of exchange moves might lead to larger dynamic 
excluded volume effects (i.e. higher a values) regardless of 
the lattice condition of the chain. Presented in appendix A 
is an argument similar to Deutch's that is more general in 
that it applies to lattice and non-lattice chains. (Note that 
this makes no reference to the properties of real polymer 
chain. To suggest that one type of bead movement algorithm 
better approximates the polymers true physical motion would
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be pure conjecture.)
Table 3.13 further compares approximate a values for the 
off lattice chains versus the previous analogous on lattice 
simulations.
TABLE 3.13 
Off lattice On lattice
Model a Model a
(FR:90-180-270,P=0) .5 Kovac FCC,BCC .22
(FR:180,P=.5) 1.0 KV SC,FCC,BCC(P=.5) .5
(FR:180,P=0) 2.0 KV SC,FCC,BCC(P=0) 1.0
The N dependence of the excluded volume square end to end 
lengths is quite high(/3=. 25) . Kranbuehl and Verdier have 
already asserted that the chain lengths (N < 100) are not 
sufficiently long for the off lattice chains to obey random 
coil freely jointed chain statistics (/?=. 20).
The quantity <<j1 • a2> for a three bead chain with
excluded volume is a measure of short range stiffness. The 
reported values for the simple cubic, face centered cubic and 
body centered cubic lattices are 1/5,1/11, and 1/7, 
respectively. The value for the off lattice chains of bead 
diameter one is 1/4.
This short range stiffness which leads to the highly 
extended nature of the chain (/?=. 25) could account for the
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doubling of a values for analogous bead moves when the chain 
is moved off lattice. This idea is supported by calculations 
in which short range stiffness was incorporated into the Rouse 
model. The stiffer Rouse chains showed a heightened N 
dependence in the relaxation times of the slowest mode.21
Once again the dimensionless quantity Dtr/<12> appears to 
be independent of N, bead movement rule, and excluded volume 
condition. Table 3.14 reports Dtr/<12> averaged over all chain 
lengths for each model with and without excluded volume.
Table 3.14
Dtr/<12>
Model w/ EV w/o EV
[RR:P=0] .046 (.005) ,038(.006)
[FR:90-180-270,P=0] .041(.005) .04 0(.010)
[FR:90-27 0,P=0] .045(.005) .034(.003)
[RR:P=.5] .039(.005) .038(.005)
[RR:180,P=0] .032(.014) .036(.011)
4. SUGGESTIONS FOR FURTHER WORK
Examining the effect of short range stiffness on the 
dynamic and equilibrium excluded volume effects could be 
accomplished by reducing or increasing the bead diameter of 
the off lattice chains. However, one must be careful not to 
reduce the diameter to a point that different chain segments 
can pass through one another. A 180° flip with an angle of 
90° between segments o . and is most likely to allow a
passage of chain segments.(figure 4.1)
The distance between the j —1,j,j 1 and j+1 to the m or n 
beads represents the smallest possible bead diameter that will 
not allow the one segment chain to pass through another chain
Similar analysis to the two bead model reveals a 
discouraging result. A configuration prone to segment pass
z
y
\ / X
Beads involved in move Cartesian Coordinates
j-1
j
j+1
j+1'
(0 ,0,0)
(0,1,0)
(1,1,0)
(1,0,0)
Bead segment passed through Cartesian Coordinates
m
m+1
• « • 1 / 2  segment. This distance is 3 / 2 .
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through is shown below.(figure 4.2)
m
tzL
Beads involved in move Cartesian Coordinate
j-1
j
j + 1 
j+2 
j 1
j + 1 1
(0,0 ,0) 
(31/f/2,1/2,0) 
(l+31/z/2, 1/2,0) 
(2,0,0) 
(3V2/2,-1/2,0) 
(l+31/z/2,-1/2,0)
Secrment passed through Cartesian Coordinate
m
m+1
(1,0,1/2) 
(1,0,-1/2)
The distance between any of the beads involved in the 
move and the beads in the segment passed through represent the 
lowest possible bead diameter for this configuration that will 
not allow the pass through of segments. (There may be 
configurations that allow a chain of beads with larger
diameters to encounter segment pass through.)
■ • . . . . • 1/2The critical diameter for this configuration is 5 / 2 .
This indicates that two of the simulations (RR:P=.5) and 
(FR:180,P=.5) will allow chain segments to pass through other 
chain segments.
The a values for the (RR:P=0) and (RR:P=.5) are extremely 
close. This suggests that the pass through does not regularly
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occur and that the algorithm flaw does not significantly 
influence the relaxation behavior of the chain. Furthermore, 
one can argue that the highly extended nature of the chain 
(/3=1.25) significantly limits the number of highly compacted 
configurations that would allow such a move to take place.
For these reasons one would believe that the high values 
of a=2.0 (FR:P=0) and a=l.0 (FR:180:P=.5) are a result of
vector barriers which are softened through the mixture of 
moves.
One particularly interesting model suggested by Dr. 
Verdier would give beads zero diameter but not allow chain 
segments to pass through one another.
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Appendix A
A careful examination of the configurational barrier 
hypothesis (Deutch) reveals that the barriers are a result of 
the illegality of the spike configuration. A spike 
configuration is one in which consecutive vectors along the 
chain are opposite.
= m^-l + am-1 
^ 1 =  K m  +  ° m
"  i f  CTm-1 =  -  am t h e n  Rm-I =
The spike configuration will be excluded volume disallowed for 
any of the lattice studies discussed.
Due to the hard core excluded volume condition of the off 
lattice chain (bead diameter=l), if the angle between any two 
consecutive vectors is less than 60°, the configuration will 
be excluded volume disallowed(figure 3.5).
Therefore any two vectors for the off lattice models that 
have an intervector angle of less than 60° will be referred 
to as opposite vectors. Given this notation a general vector 
barrier hypothesis is presented below. This hypothesis will 
apply to all single bead exchange move on and off lattice
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experiments.
<j- .1 =<j ■j-1 j
a-1— o - , j j -1
Since the one bead exchange move allows vectors to move only 
one bead at a time, then for any two vectors to diffuse past 
one another they must be consecutive along the chain. 
Further, since no two consecutive vectors can be opposite, 
opposite vectors can not diffuse past one another.
The same arguments that were given for the way in which 
the configurational barriers may slow the relaxation time at 
higher N values can be applied to the vector barriers. In 
order for the diffusion of a vector to contribute to the 
relaxation of the end-to-end vector, that vector must diffuse 
to the end of the chain. (The end-to-end vector does not 
change on the movement of an interior bead.) A vector 
separated from an end of the chain by opposite vectors can 
only diffuse to that end of the chain when each of those 
opposite vectors has been destroyed by diffusing to the end 
of the chain. Prior to the destruction of those opposite 
beads each "trapped" vector (any vector separated from both 
chain ends by opposite vectors) will diffuse or "bounce" 
between the two adjacent opposite vectors spending time doing 
so. The higher the N value the greater the number of opposite 
vector barriers and the greater the number of "trapped" 
vectors spending time diffusing between two adjacent opposite
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vectors. This time spent diffusing between adjacent opposite 
vectors will not lead to the relaxation of the end-to-end 
vector.
With some additional notation one can develop a similar 
general vector barrier hypothesis for the two bead exchange 
move. The parity of a vector will be used to refer to the 
index of the vector. If the index of the vector is odd(even), 
the parity of the vector is said to be odd (even) . (This 
hypothesis also applies to on and off lattice models.)
Two bead moves will only exchange vectors of the same parity. 
Since the two bead move allows vectors to diffuse only two
beads at a time, vectors of different parity must be
consecutive to diffuse past one another. Since opposite
vectors can not be consecutive, opposite vectors of different 
parity cannot diffuse past one another.
A study that would support this hypothesis is a ("bond 
exchange",P=l) off lattice simulation. (One would expect a 
a«2.0 if the vector barrier hypothesis does accurately
describe the mechanism by which the exchange moves introduce 
large excluded volume effects.)
The phenomenon that for on lattice and off lattice models
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the N dependence of dynamic excluded volume effects is halved 
when the moves are mixed(P=.5) can be explained in terms of 
the vector barriers. When double bead moves are used 
exclusively (P=l), only vectors of similar parity may diffuse 
past one another. Single bead moves, however, will always 
change the parity of both exchanged vectors.
Therefore, when the moves are mixed it is possible for 
opposite vectors to diffuse past one another regardless of 
parity. For this to happen the two opposite vectors must be 
separated by two beads and must be exchanged in a two bead 
move before either vector is involved in a one bead move.
For any lattice condition a ("bond exchange",P=.5) is 
approximately twice the a for similar models in which new 
vectors are introduced on the movement of interior beads. 
Therefore, it may be more accurate to think of the mixing of 
bead moves as a softening of vector barriers rather than a 
removal of vector barriers altogether.
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